We propose quantum Hamiltonians of the double elliptic many-body integrable system (DELL) and study its spectrum. These Hamiltonians are certain elliptic functions of coordinates and momenta. Our results provide quantization of the classical DELL system which was previously found in the string theory literature.
Integrable many-body systems are deeply interconnected with other branches of modern mathematical physics -representation theory, algebraic geometry, string and gauge theory. We shall be discussing complex algebraic integrable systems with N degrees of freedom, with a phase space being a Lagrangian fibration of complex dimension 2N , equipped with a holomorphic symplectic 2-form, over a smooth base whose fibers are Abelian varieties 1 . In proper Darboux coordinates (p, q) = (p 1 , . . . , p N ; q 1 , . . . , q N ) the symplectic form reads Ω = i dp i ∧dq i and there are N Poisson commuting Hamiltonians H 1 (p, q), . . . , H N (p, q). One can study Hamiltonians in action-angle variables so that they only depend on action variables. In these variables the Hamiltonian evolution is linearized on the fibers which serve as the level sets of the Hamiltonians.
Since the discovery of the Seiberg-Witten solution of N = 2 supersymmetric gauge theories [SW94b, SW94a] and integrable systems related to them [GKM + 95] there has been a significant progress in understanding of integrable models and their dualities. The integrable system arises in the infrared description of the above mentioned gauge theories, which are governed by a holomorphic prepotential F(a), where a = (a 1 , . . . a N ) are the vacuum expectation values of vector multiplets of the supersymmetric theory whose gauge group has rank N . The N -dimensional Abelian variety parameterized by the period matrix τ ij = ∂F/∂a i ∂a j is fibered over the Coulomb branch of the theory with coordinates a.
The Abelian nature of the Lagrangian fibers in the algebraic description of the integrable system suggests that each coordinate and momentum can take values in complex line C, in a complex line without origin C × , or in an elliptic curve E = C × /q Z , where q is a complex parameter. Therefore all many-body integrable models can be classified into rational, trigonometric and elliptic depending on where its coordinates and momenta take their values. This is summarized in Fig. 1 . The first row of the table contains Calogero-Moser-Sutherland (CMS) family, the second row describes Ruijsenaars-Schneider (RS) family, whereas the last row contains models that are bispectrally dual to elliptic CMS, elliptic RS, and, finally, the DELL system. Blue double arrows describe bispectral dualities (p − q dualities or Fourier transforms) between the corresponding models. Color arrows (w → 0, R → 0, etc.) show the limiting cases when the corresponding model degenerates into a simpler model. Table [ Mir00] of integrable many-body systems according to their periodicity properties in coordinates q (columns) and momenta p (rows) together with their gauge theory realizations.
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An explicit example of such integrable system was constructed by Donagi and Witten [DW96] . They showed that the N = 2 * theory with gauge group U (N ) gives rise to N -body elliptic Calogero-Moser model whose coupling constant is related to the mass of adjoint hypermultiplet. In this case the Liouville tori of algebraic integrable systems can be found inside the Jacobians of an algebraic curve, in other words, we are dealing with the Hitchin system [Hit87] . According to [DW96] , a point in such integrable system is a holomorphic vector bundle together with and adjoint-valued one form on a genus one Riemann surface Σ. One can construct a spectral curve inside the cotangent bundle to this Riemann surface det(u − φ) = 0, where u lives in the canonical bundle of the curve u ∈ K Σ . The spectral curve gives rise to Hamiltonians of the integrable system depicted in the top-right corner of the table in Fig. 1 .
String theory provides us with a toolkit to explore the dualities between gauge theories in various dimensions and between integrable systems which are dual to these gauge theories. In particular, there is a duality between 5d N = 1 * theories and 6d theories with fundamental matter [HIV08] . Toric diagrams in the geometric description of those theories can be obtained one from another by a 90-degree rotation. Both models may be considered as limiting cases of the 6d theory with adjoint matter compactified on a torus with (1, 0) * supersymmetry, see Fig. 2 .
Let us consider little string theory (LST) (see [Wit, LMS98, Sei97] and [Aha00] for review) on the NS5 brane within Type IIA construction with compact direction of radius R. Let φ be the dilaton expectation value. We can apply T-duality along the compact direction. After the T-duality we obtain the NS5 brane in Type IIB theory compactified on a circle of radius
Now we can apply S-duality in Type IIB theory -the NS5 brane will turn into D5 brane and the dilaton will change its value to φ = −φ. Since we are dealing with the D5 brane now we can identify the field theory which lives on it -the U (1) 6d (1, 1) theory on
R is an additional spectator compact direction on the D5 brane which was present on all branes from the beginning. This 6d theory has the following coupling constant
When the dilaton VEV is sent to infinity the theory becomes weakly coupled. Equivalently we can view this 6d theory as a 5d N = 2 theory on R 4 × S 1 R with coupling
Note the the 5d coupling constant depends only on the compactification radius 2 . The above construction of p-q webs with D5 and NS5 branes can now be generalized to engineer more complex (quiver) 6d (1, 1) theories. In addition, as it has been done so in lower dimensions, we shall introduce mass of adjoint hypermultiplets, therefore deforming (1, 1) supersymmetry in 6d to (1, 0) * and N = 2 supersymmetry in 5d to N = 1 * .
1.1.1. Bispectral/T -Duality. One starts with a 6d (1, 0) * theory represented by a p-q web as in Fig. 2 . Let us call this theory A. By rotating the brane web by 90 degrees we arrive to a (generically) different theory, with Neve-Schwarz and Dirichlet directions of its brane web interchanged. Let's call it theory B. Recall that this 90 degree rotation is described by T-duality with respect to the compact circle inside the worldvolume of the NS branes. In addition to that in each p-q web Dirichlet fivebranes are also compact and the radius of the corresponding circle is R. Thus the T-duality merely exchanges R and R . This corresponds to Fourier-Mukai transform at the level of the integrable system which is depicted by diagonal arrows in Fig. 1 ).
Let us look at a simple example. Consider rank two little string theory corresponding, by means of the argument we have just presented, to A 1 6d (1, 0) * theory. In this case theory A is 5d N = 1 * U (2) gauge theory on R 4 × S 1 , while theory B is the 6d affine quiver gauge theory with two U (1) gauge groups connected to each other (see Fig. 3 ). Note that in 2 1 1 circular quivers an overall U (1) factor inside the gauge group of the whole theory decouples and can be gauged away. This factor can be identified with one of the U (1) groups in this example. The remaining U (1) gauge group has two fundamental hypermultiplets which are rotated by global SU (2) symmetry. In other words, theory B is nothing but U (1) 6d theory with two flavors as shown in Fig. 3 Note that if the ranks of the individual gauge groups of 1 1 1 1 1 Figure 4 . Decoupling the U (1) gauge factor in theory B from Fig 3. theory B above at each node are higher the quiver remains affine. This will happen when theory A will be a quiver gauge theory with several nodes. The weakly coupled regime of the above theories can be accessed by sending R → 0 keeping R fixed, or equivalently, we can send the dilaton VEV to infinity.
1.2. Classical DELL System. In this paper we shall discuss canonical quantization of the DELL model which was studied in [BMMM99, MM99, BGOR02, HIV08]. As it was pointed out in [HIV08] term 'double elliptic' is a misnomer, as its momenta and coordinates as complex two-vectors lie in a 4-torus. Nevertheless, by tradition and for brevity, we shall refer to this model as DELL thereby emphasizing its double periodic nature. More recently DELL systems were studied from the point of view of modular transformations [AMMZ13, ABM + 15, AMM17].
In [BH03, HIV08] it was shown how to construct a spectral curve (equivalently, Seiberg-Witten curve of the 6d theory on R 4 × T 2 ) of the N -body DELL model using the approach of matrix models and M-theory. The description involves line bundles over polarized abelian variety whose sections are generalized (higher genus) theta-functions. The resulting Seiberg-Witten curve has genus N , as can be seen from the toric diagram in Fig. 2 , and can be holomorphically embedded into a slanted 4-torus. The Seiberg-Witten (DELL spectral) curve can be represented in the following explicit form (see [BH03] for the detailed description)
θ e ζ /a i |w , m = log t is the mass of the adjoint hypermultiplet and θ is the first theta function, see (3.3). The holomorphic differentials read
so that the integrals in the homology basis of the curve {A 1 , . . .
where Π ij are matrix elements of a certain period matrix which obey N j=1 Π ij = τ YM . The coordinates on the phase space of the integrable system are then given by the Abel map (1.8)
for N − 1 marked points P 1 , . . . P N −1 of the reduced Jacobian J 0 (Σ). 
Here the canonically conjugate position and momentum operators obeying canonical qcommutation relation x i p j = q δ ij p j x j act on functions of positions as
We shall now formulate three conjectures about the properties of the DELL model, which we have checked in a number of cases. We expect that these conjectures will be proven in the near future using methods of enumerative algebraic geometry and geometric representation theory. 
We were able to check the commutativity of DELL Hamiltonians up to several orders (w 2 , p 2 for N = 2, 3 and w 2 , p 1 for N = 4) in expansion in elliptic parameters p and w, which gives us confidence that the conjecture should hold. As the reader can see the DELL Hamiltonians are highly non-local as they involve formal infinite series of functions of shift operators, which severely limits the computational ability to verify the conjecture. We expect that the general proof to be found some time in the near future.
The DELL Hamiltonians provide a two-parameter (w, p) generalization of the trigonometric Ruijsenaars-Schneider integrable system, whose eigenfunctions are also known as Macdonald polynomials. The common eigenfunctions of the full DELL Hamiltonians are therefore a natural candidate to replace the Macdonald polynomials in the double-elliptic setting, and we will call them double elliptic Macdonald functions. They depend on four parameters -q, t and p, w. We expect them to agree with 'affine Macdonald polynomials' in representation theory [EJ] , similar in the number of parameters and limiting behavior.
We have also found the formal spectrum of DELL Hamiltonians which can be formulated using defect partition functions of a 6d gauge theory on R 4 × T 2 and is similar to the analogous 5d version, albeit with an important difference. In particular, by expanding currents O(z) as in (1.11) and λ(z, a, w, p) = n λ n (a, w, p)z n in z we obtain similar relations for each operator O n , or, using (1.10) we obtain the eigenvalue problem for DELL Hamiltonians
At the moment we know the eigenvalues λ n (a, w, p) in terms of first several terms in series expansion in w and p. In the limiting cases, when either w or p vanish (and we land onto the eRS model or on the dual RS model) we have complete control of these functions and know of their interpretations in terms of the corresponding gauge theories. Yet, at the moment we are lacking a complete understanding of a geometric or physical (in terms of a vacuum expectation value of some BPS observable in the 6d theory) meaning of λ n (a, w, p). We shall however make an educated guess about these matters in Sec. 4.4. We hope to understand it in the nearest future.
However, in the limit of w → 0 in which the DELL model becomes the eRS model, we conjecture the following result, inspired by study of Chern-Simons theory on S 3 , which compliments the result of [BKK15]: inst (w, p, x) is its wavefunction. Then the following equality holds
where the eigenvalues read
where ω i is the i-th fundamental weight of representation of SU (N ) and ρ = (−N/2, −(N − 1)/2, . . . , (N − 1)/2, N/2) is the SU (N ) Weyl vector.
This formula expresses the eigenvalue for the DELL eigenvalue problem in terms of the eigenfunction. This generalizes the well-known nonelliptic result, and may have topological implications in terms of the elliptic Chern-Simons theory, which remains to be constructed. 1.5. Future Directions. We would like to outline some directions of future research which is related to physics and mathematics around the DELL system.
• Recently, due to a significant progress in F-theory, Seiberg-Witten curves for quiver 6d theories of some simply-laced types were constructed [HY16, HKYY18]. One should be able to generalize our construction to these quiver theories and perform quantization of those models.
• We hope that the proofs of the conjectures which we have outlined earlier in this section will be found and connections with the representation theory of elliptic algebras (such as Sklyanin algebra, or possibly elliptic DAHA) will be established. The structure of relation (1.14) suggests a special role of operator O 0 , which needs to be understood in details. We hope that current (1.11) has both representation theoretic and string theory meanings.
• It will be interesting to study various limiting cases of the DELL Hamiltonians (1.10). In particular, the so-called Inozemtsev limit [Ino89] when t → ∞ yields the reduction of the elliptic Calogero model to affine Toda model, while the elliptic RS modes becomes the affine q-Toda model. The Inozemtsev limit of the DELL model is yet to be understood. In terms of dual gauge theories the t → ∞ limits corresponds to sending the mass of adjoint hypermultiplets to infinity.
• Recently the correspondence between integrability and N = 2 SUSY was revisited in the regime N → ∞, or when the number of the degrees of freedom becomes large. In [KS16, KS18] it was shown that the spectrum of the (difference) quantum intermediate long wave system (ILW) can be reproduced from the quantum spectrum of the elliptic RS model (1.9) at large N . Geometrically ILW energies are related to operators of quantum multiplication by quantum tautological bundles in the equivariant K-theory of the moduli space of U (1) instantons. One needs to understand how the upgrade from eRS to DELL is reflected on the geometric side.
• In general, any question which was asked and answered about any model from Fig. 1 needs to be addressed for the DELL model.
1.6. Structure of the Paper. In the next Section we remind the reader about the classical Seiberg-Witten geometry of the 6d theory with adjoint matter with eight supercharges compactified on T 2 . In Section 3 the quantum DELL Hamiltonians are discussed as well as their limits to the eRS and dual eRS models. Section 4 introduces instanton partition functions of the 6d theory with monodromy defects using characters of the affine Laumon space. We demonstrate that this partition function in the Nekrasov-Shatashvili limit satisfies the formal difference DELL equation. Finally, in Section 5 we discuss in more details polynomial solutions of the DELL difference equation. In particular, we address the properties of the new elliptic Macdonald functions.
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Seiberg-Witten Geometry
The construction of [BH03, HIV08] uses the M-theory compactification where two distinct tori are involved -one spacial T 2 , which is a part of the gauge theory worldvolume, while the other (sometimes referred to as electro-magnetic) torus, after the compactification provides the gauge theory with maxima supersymmetry. This supersymmetry is broken to a (1, 0) * subgroup once we include an equivariant action of C × along the remaining flat noncompact directions whose character is equal to t such that log t ∼ m, where m is the mass of the adjoint hypermultiplet.
The Seiberg-Witten curve Σ for 6d (1, 0) * theory compactified on T 2 w was derived in [BH03] . The description involves line bundles over polarized abelian varieties whose sections are generalized theta-functions. Such genus-g theta function with period g × g-matrix Π reads
where a, b, Z and m are g-dimensional vectors. The Seiberg-Witten curve can be written in terms of genus-(N + 1) theta function as follows (2.2) Θ 1 2 · · · 1 2 1 2 · · · 1 2 z, N m(x − a 1 )), . . . , N m(x − a N )| Π = 0 , using the following (N + 1) × (N + 1) period matrix
where the elliptic parameters are p = e πiτ 1 and w = e πiτ 2 . One can show that this form of Σ is equivalent to (1.4). One may think the spectral curve Σ of the N -body DELL model as a 56-torus T 2 w with additional N handles attached to it. The corresponding N B-periods depend on the mass parameter m. In the limit m → 0 those handles detach and Σ splits into a disjoint union of (N + 1) tori. As was mentioned earlier, Σ can be expresses as infinite sum (1.4) where the limit m → 0 is manifest.
The original references [BH03, HIV08] discuss a different presentation of Σ using a sum of genus-2 theta functions (2.4)
where a j are certain theta functions of the coordinates x. The limiting cases p → 0 and w → 0 when DELL model reduces to dual eRS and to the eRS models respectively are also discussed in [BH03] .
The Quantum DELL Integrable System
In this section we introduce quantum DELL system as a set of commuting formal difference operators in q. In terms of the canonically conjugate positions and momenta these difference operators act as
Let O(z) be the DELL current which is a series in formal variable z
where we use the following genus one theta function 4
Its z-modes O n are used to construct DELL Hamiltonians.
We have presented DELL Hamiltonians in the form (3.2), where the sum is taken over quadratic powers of elliptic parameter ω multiplied by theta functions involving p, since it is convenient for the calculations of the spectrum in the next section. Equivalently one could present (3.2) in a reciprocal form, where the roles of w and p are swapped.
Despite that fact that formula (3.2) provides an infinite set of operators O n (z) only first N of them are completely independent. We shall discuss periodicity in index n momentarily.
3.1. Quasiperiodicity. It is easy to show that O(z) is quasiperiodic in z with weight
and hence can be decomposed in the basis of theta functions of the appropriate level where the basis consists of the following N functions (3.6) θ (N ) a (z) = z a n∈Z w N n(n−1)/2+an (−z) N t N (N −1) q J n , and represents an elliptic deformation of the monomial basis {1, z, . . . , z N −1 } in the space of polynomials of degree (N − 1). This implies that O(z) contains as much information as the first N modes (from 0th to (N − 1)st).
DELL Hamiltonians.
We define quantum Hamiltonians of the DELL integrable system as the following N − 1 operators
which are manifestly nonlocal. We have checked using Mathematica that DELL Hamiltonians commute, as we stated it in Conjecture 1.1. Note that modes O a do not commute for different a, only if we compose them with the inverse of O −1 0 as in (3.7) they will. One can see from (3.2) and (3.7) that expression 3.3. Example: Rank 1 System. Let us consider the DELL model which comes from the SU(2) 6d gauge theory in more details. It has been previously understood in [BMMM99, MM99] . The genus-2 Riemann theta function with elliptic parameters p and w explicitly has the following form
where we introduced the following exponential parameters q = e πig , t = e πimg , p = e πiτ 1 , w = e πiτ 2 , P = e πigp , Q = e πiq . (3.11)
Here p and w are the two elliptic parameters. Note, that the contribution p −a 2 w −b 2 normalizes the theta function so that it is a series in positive integer powers of p, w.
Using (3.10) we can show that for N = 2 the only DELL Hamiltonian can be written in terms of genus-2 theta functions (3.12)
The above formulae provide a closed form for the Hamiltonian in terms of higher genera theta functions; it is unclear if a generalization exists for DELL models with N > 2.
In the limit w → 0 for N = 2 we get from (3.2)
which yields the integrals of motion of the two-body eRS model
In the limit p → 0 we get from (3.3) θ(z|0) = 1 − z and (3.2) reads
and can be summed as follows where subscript a enumerates gauge groups in the quiver, n a = {n a,1 , . . . , n a,N }, and the mode number is n = a,i n a,i . We can call this model spin-DELL analogously to the spin-Calogero system. In the brane construction coordinates x a,i show the position of endpoints of Lagrangian branes corresponding to ath gauge group.
This yields a twisted version of the dual eRS Hamiltonians after expanding in modes
O 0 = θ(−p 1 /p 2 |w) − x 1 /x 2 θ(−t 2 p 1 /p 2 |w), O 1 = θ(−wp 1 /p 2 |w) − tx 1 /x 2 p 1 θ(−wt 2 p 1 /p 2 |w) ,
Defect Partition Function and Spectrum
Our task is to compute instanton partition functions of 6d (1, 0) * theories with monodromy defects and relate them to the eigenfunctions of elliptic integrable systems. In [BKK15] it was shown how to do this computation for 5d N = 1 * theory. The 6d (1, 0) * theories are natural generalizations of the corresponding 5d N = 1 * theories. In particular, the 6d theories with the same matter content as their 5d cousins are anomaly free. 4.1. Instanton Partition Function. Let us briefly review the essential ingredients of the instanton calculus [Nek04, NO03] with ramification [AT10, Naw14, BKK15, Nek17a]. What follows represents a short summary of Section 4 of [BKK15] albeit modified for the 6d theories on R 4 × T 2 from the 5d theories on R 4 × S 1 .
The ADHM construction of the moduli space of k U (N ) instantons M k,N is a hyperkahler quotient which can be conveniently represented as an A 0 quiver variety with framing W = C N as well as A, B ∈ Hom(V, V ), I ∈ Hom(V, W ), J ∈ Hom(W, V ). Here V = C k . U (k) naturally acts on these matrices. Then the moduli space M k,N is given by the holomorphic symplectic quotient µ −1 (0)// θ GL(k, C) of the zero locus of the complex moment map µ = [A, B] + IJ over the complexified group action in the presence of certain stability conditions.
Let T = C × q 1 × C × q 2 × T(GL(k; C)) be the maximal torus of the action of the global symmetry on R 4 × M k,N . Here R 4 is the spacetime where the 4d gauge theory lives 5 . Fixed points of this action are parameterized by Young tableaux λ i , i = 1, . . . , N for each U (1) factor of the gauge group U (N ).
The T -equivariant Chern character of universal bundle over M k,N at the fixed point labelled by tableau λ reads (4.1)
where q 1 = e 1 , q 2 = e 2 , e a 1 , . . . , e a N are the equivariant parameters of T . Using U we define the equivariant character of the tangent space to M k,N at λ (4.3)
where the conjugation * corresponds to inverting the equivariant parameters. Due to the presence of the adjoint matter with mass m we need to multiply the above expression by (4.4)
where Q m = e m . The equivariant character can always be written as follows (4.5)
from which we compute the 6d instanton partition function. The contribution to the topological sector with k instantons reads (4.6)
where w is the modular parameter of the torus on which the 6d theory is compactified, and the sum is taken over all Young diagrams of size k. The full 6d partition function is obtained by summing over all topological sectors (see also [KKL1510] )
where p is a dimensionless combination of the Yang-Mills coupling and the torus area.
4.2.
Ramification. Now we need to upgrade the construction by introducing a defect [AT10, BKK15] . The codimension-two defect wrapping C q 1 plane is described by specifying the eigenvalues of the U (N ) gauge field monodromy In the presence of such a defect the symmetry is broken to the Levi subgroup U (n 1 ) × · · · × U (n s ) of U (N ). The defect is of maximal type if s = N , it is of simple type if s = 1.
The ADHM construction and hence the instanton character formula needs to be modified in order to take into account the action of the orbifold Z s symmetry on the moduli space. Due to the orbifolding each instanton sector splits into s subsectors (4.11)
were χ 2 is given in (4.4), and the partition ρ has s columns.
In the ramified setting fixed points are labelled by two indices λ j,α , j = 1, . . . , s, α = 1, . . . , n s . Then the i-th column of λ j,α contributes to the instanton sector i + j − 1 mod N . We denote this sector as k j (λ). The Nekrasov partition function (4.6) takes the following form
and such that x 1 . . . x s = 1.
Eigenfunctions and the Difference Equation.
In order to establish and eigenvalue problem we need to take the Nekrasov-Shatashvili limit q 2 → 1 ( 2 → 0). Since the partition function is singular in this limit we need to normalize the defect partition function as
inst is the defect partition function (4.12) in the N = (1, 0) * 6d U (N ) gauge theory with a massive adjoint, and Z is given in (4.7).
The function Z satisfies the following DELL difference equation
where the eigenvalue can be expanded in z-modes λ(z) = r z r λ r (a, q 1 , Q m , p, w), where each coefficient is a double series in the elliptic parameters 
Comments on Eigenvalues.
At the moment we do not have an independent localization computation of the eigenvalues λ r for the complete DELL system. However, we can find the terms in the series (4.16) order-by-order from the solution of the difference equation. Remarkably these terms are uniquely fixed by difference equation (4.17) provided that we know the eigenfunction (4.14).
In the eRS limit w → 0 it was possible to verify (again, on a computer) that the eigenvalues λ r are given by the expression from Conjecture 1.3.
We plan to understand physical and geometrical nature of the difference equation (4.17) in the near future. As a possible explanation the following argument may be useful. As we reviewed in the introduction, T-duality in Type IIB string theory rotates the brane web Fig. 2 . The left hand side of (4.17) O r Z represents a formal shift operator in the defect Kahler parameters x. This corresponds to shifting the Lagrangian brane in Fig. 2 horizontally. After applying the T-duality the Lagrangian brane will end on the NS brane. Presumably the right hand side of (4.17) (λ r O 0 )Z describes a result of the action of the shift operator in the vertical direction if we treat (λ r O 0 ) as a whole object. This way the DELL difference equation will be a manifestation of the T-duality (p-q duality) similar to the 3d setup discussed in [GK13] , where the difference equation for the trigonometric RS model was equivalent to S-duality (3d mirror symmetry), which was the string realization of the p-q duality in three dimensions.
In this paper we only consider 6d theories with single unitary gauge group. One can also study quiver gauge theories. In type A there is a distinguished theory which exhibits p-q self-duality. Indeed, the toric diagram for the quiver theory with M U (M ) gauge groups will be manifestly symmetric under the rotations by 90 degrees. This should be investigated further in more details. In particular, we expect that spin-DELL hamiltonians (3.19) will obey similar difference equations to (4.17).
4.5.
Truncation of Z state. Double Elliptic Macdonald Functions. Since handling formal series in multiple variable is practically cumbersome, for most of the calculations we shall use truncated versions of the partition function (4.14). We shall denote is P j (x) and refer to it as the U (N ) DELL Macdonald function with elliptic parameters p, w; Macdonald parameters q, t; index j = (j 1 , . . . , j N ) and argument x = (x 1 , . . . , x N ). These functions can be obtained from the formal eigenfunction Z (x, a, q, t, p, w) by specifying the Coulomb branch parameters as follows a k = q −2j k t 2N −2k .
The rest of the identifications between the 6d gauge theory and double elliptic Macdonald functions P j (x) = Z (x, j, q, t, p, w) is given in the At these values of a labeled by integers j the partition function Z truncates to a finite degree polynomial in each order in (p, w).
We have verified using computer algebra that the double elliptic Macdonald functions satisfy DELL difference equation
where λ j (z) does not depend on x. This leads us to Conjecture 1.2, where Z is given in (4.14). Alternatively we can rewrite (4.17) as follows
Note that the eigenvalue λ j (z) is uniquely fixed by the difference equation (4.17) 4.6. U (2) Example. The eigenfunction (4.12) for j = (1, 0), in other words, a 1 , a 2 = qt −1/2 , t −1/2 , reads as follows
where the ellipses represent higher order terms in p and w. The corresponding eigenvalue reads
(4.20)
In particular, if we put p = w = 0 in (4.19) we get Z (x) = x 1 + x 2 , which is the first symmetric Macdonald polynomial. 4.7. Perturbative Limit and Equivariant Elliptic Cohomology. The double elliptic Macdonald functions (4.14) are defined as formal Laurent series in x variables. In the decoupling limit p → 0 the coupled 6d/4d instanton/vortex system reduces to the 4d N = 1 defect theory on R 2 × T 2 .
However, in the perturbative/trigonometric regime, when p → 0, the double elliptic Macdonald function becomes the elliptic hypergeometric function, which is a Taylor series of the following form (4.21)
θ q
, for all fixed points p of the action of the maximal torus of SU (N ) and where we introduced the following notation In (4.21) chambers C p contain a collection {d i,j } which satisfies the following property. The collection of d i,j ≥ 0 must satisfy the following condition that for each i = 1, . . . , n − 2 there should exist a subset in {d i+1,1 , .
It is expected that such elliptic hypergeometric functions describe equivariant elliptic cohomology of the cotangent bundle to the complete flag variety T * Fl N . Note that the above expression differs from that of the K-theoretic vertex function (Corollary 2.4 of [Kor18] , see also [KPSZ17] ) only by replacing q-factorial symbols with theta functions θ(x|w). Analogously to vertex functions in the equivariant K-theory (4.21) can be rewritten as a contour integral. Some development in this direction was made in [Eti, EJ] .
The elliptic hypergeometric function (4.21) is the eigenfunction of the dual eRS Hamiltonians (O r in the limit p → 0).
Let us look at the rank one theory in more detail. The 4d Nekrasov partition function for the N = 1 U (1) SQED with two flavors on R 2 × T 2 is an elliptic hypergeometric function of the form (4.21) for N = 2. This theory In [NP15] it was shown that the socalled holomorphic block, which differs from the above vortex function by a perturbative factor, is annihilated by the following operator (4.23) B 1 = x θ 1 (t 2 p 1 a 2 |w) θ 1 (p 1 a 2 |w) − x −1 θ 1 (t 2 p 1 |w) θ 1 (p 1 |w) .
This operator can be deduced from (3.17) after resuming the series into theta functions. The elliptic holomorphic blocks naturally arise in the study of representations of the elliptic Virasoro algebra [Nie15] . We can recognize in the classical limit of B 1 Z = 0, where B 1 is as in (4.23), the twisted chiral ring relation of the theory which is quantized as (4.24) σ → p 1 .
According to the Nekrasov-Shatashvili conjecture the above twisted chiral ring is isomorphic to the equivariant elliptic cohomology of T * P 1 . These results can be extended to cotangent bundles to complete flag varieties T * Fl n . At the level of localization formulae all results from the equivariant K-theory translate directly to the elliptic cohomology by replacing q-factorials (x; q) with theta functions θ(x|p).
We expect that a rigorous analysis of the equivariant elliptic cohomology of Nakajima quiver varieties along the lines of [AO1604] will be conducted in the context of the elliptic integrable systems in the near future.
Elliptic Macdonald polynomials
It is worth discussing separately properties of the elliptic Macdonald polynomials which arise as truncation of series (4.21). This section can be read independently from the rest of the paper.
The elliptic Macdonald polynomials form a distinguished basis in the space of symmetric polynomials that corresponds to: physically, flag-type 4d holomorphic blocks on C×S 1 ×S 1 for some special values of the twisted mass parameters, mathematically, elliptic cohomology of flag varieties (again, for some special values of the equivariant parameters). In this section we summarize, in the case of root type g = A 1 , their main properties: orthogonality and integrability. 5.1. Definition. Given complex parameters q and t = q β , let P j x := P j x; q, t, p = where theta function was defined in (3.3) for the elliptic parameter is p.
5.2.
Orthogonality. For each elliptic Macdonald polynomial P j we wish to find polynomial P j so that the two polynomials will be orthogonal according to 1 2! |x|=1 dx x P j x P j x = δ j,j (5.3)
We claim that the sought polynomial has the form P j x := P j x; q, t, p = (1 − q j−i ) (1 − q j−i+β−1 )
(1 − q i+β ) (1 − q i+1 ) (5.7) are the usual symmetric Macdonald polynomials. The relation (5.3) then reduces to
P j x P j x = ||P j || 2 δ j,j (5.8) which is the Macdonald orthogonality (see [AS15] for details and notations). One can see that the product of the measure with a Macdonald polynomial is deformed nicely if considered together. 5.3. Difference Equations. The following operator (5.9) H = x q t θ tq j p|p θ q −j p|p − x −1 θ q j p|p θ t −1 q −j p|p annihilates elliptic Macdonald polynomials:
(5.10) H P j x = 0, where the conjugate Heisenberg generators x and p satisfy x p = q 1 2 p x. Equivalently, one may use the operator H = x q t θ q −j p|p θ q t q −j p|p − x −1 θ q j p|p θ tj p|p , (5.11) which is equivalent to the dual elliptic Ruijsenaars operator B 1 (4.23).
For the orthogonal functions, one instead has (5.12) H P j x = 0, where (5.13) H = 1 θ ( p 2 |p)
x t θ q j p|p θ q −j t −1 p|p − x −1 θ q −j p|p θ q j t p|p .
5.4. TST Integral Identity. Recall that the Macdonald polynomials satisfy the following two celebrated integral identities [AS15] 1 2! |x|=1 dx x Γ q (x 2 )Γ q (x −2 ) Γ q (tx 2 )Γ q (tx −2 ) P j x P j x = ||P j || 2 δ j,j (5.14)
P j x P j x θ(x|q) = ||P j || 2 (T ST ) j,j (5.15) where S and T are the modular matrices of refined Chern-Simons theory, T j,j = q j 2 /2 t j/2 δ j,j , S j,j = P j t q 5 t 4 x 2 − p (qt + 1)(qt − 1) 2 t 2 (−1+t)(t+1)(−t+q)(t 4 q 3 −t 3 q 3 −t 2 q 3 +t 3 q 2 +t 2 q 2 −t 3 q−q 2 t+qt+q−t) − w t 3 q (t 6 q 3 + t 5 q 3 + t 4 q 3 + t 5 q 2 + 2q 2 t 4 + 2t 3 q 2 + t 2 q 2 + t 3 q + 2t 2 q + qt + t + 1) − w p q 2 (qt + 1)(qt − 1) 2 t 5 (−1 + t)(t + 1)(−t + q)(t 9 q 7 − t 10 q 6 − t 8 q 7 − t 9 q 6 + 2t 8 q 6 − 2q 5 t 9 + 2t 7 q 6 − 4t 8 q 5 + t 9 q 4 − t 7 q 5 − t 8 q 4 + 3t 5 q 6 + 2t 6 q 5 − 2t 7 q 4 + t 8 q 3 + t 4 q 6 + 2t 5 q 5 − 4t 6 q 4 + 2t 7 q 3 + 3t 4 q 5 − 3t 5 q 4 + t 7 q 2 + 3t 3 q 5 − t 4 q 4 + 2t 6 q 2 − 5t 4 q 3 + 2t 5 q 2 − 4t 3 q 3 + 2q 2 t 4 + 2t 5 q − t 2 q 3 + t 3 q 2 − q 3 t − 3t 2 q 2 + 2t 3 q − q 2 t + 2t 2 q − t 2 − q + t) + . . .
